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Liquefaction potentialExtreme waves can induce seepage in a seabed and cause problems to marine structures in coastal regions. In
this study, the seepage under cnoidal waves was studied using the transient seepage equation. An analytical
solution is presented for the pore pressure in a seabed of deﬁned thickness. Parametric studies were carried
out to examine the inﬂuence of air content in the pore water, and of the soil hydraulic conductivity on the
seepage. It has been shown that the air content and the soil hydraulic conductivity can affect the pore pres-
sure response signiﬁcantly. An increase in the air content or a decrease in the soil hydraulic conductivity will
increase the magnitude of the pore pressure gradient and results in the pore pressure varying sharply. The
liquefaction potential of a seabed under cnoidal waves is discussed. Consequently, comparative studies are
carried out to show that the soil shear modulus and Poisson constant can inﬂuence the difference between
the transient seepage equation and Biot's equation, and the transient seepage equation is a limit of Biot's
equation.
© 2013 The Authors. Published by Elsevier B.V. Open access under CC BY-NC-ND license.1. Introduction
When waves propagate over a seabed, they exert dynamic pres-
sures on the sea ﬂoor, and induce seepage in the seabed. Under severe
storms, the wave induced seepage force can result in soil liquefaction
and potentially catastrophic consequences for marine structures.
Thus, a rigorous evaluation of pore pressure under waves is a key
issue in marine engineering.
The physical process of wave–seabed interaction is manifold
depending on the characteristics of the seabed. If the superﬁcial
layer of the seabed is composed of coarse sand grains with high per-
meability, seepage may become important, whereas the seabed skel-
eton with ﬁne sand grain size is apt to deform under waves. Biot's
equation is frequently employed to describe the response of a seabed
under water waves, in which the seabed is assumed to be poro-elastic
(e.g. Madsen, 1978; Rahman et al., 1994; Ulker, 2012). Much research
has been focused on the latter within the framework of linear water
wave theory (e.g. Okusa, 1985; Ulker and Rahman, 2009; Yamamoto
et al., 1978). Notably, an integrated model was presented by Jeng et
al. (2013) recently which is trying to give a full coupled description
about the wave–structure–seabed interaction, and the seabed is
governed by “dynamic Biot's equations”. However, if the cohesion of.V. Open access under CC BY-NC-ND la natural seabed is not negligible, the seabed can be modeled as
viscous ﬂuids (Liu and Chan, 2007).
The transient seepage equation is also usually employed to inves-
tigate the response of the seabed under waves, and is based on the
assumption of a rigid soil skeleton and compressible pore water
(e.g. Magda, 1993; Moshagen and Torum, 1975). In their study on
the long-wave induced ﬂow in an unsaturated permeable seabed
with deﬁned thickness, Liu et al. (2007) studied the seepage in a sea-
bed under long-waves. Cnoidal wave theory is an explicit theory and
is most applicable to shallow water. Much effort (e.g. Cho, 2003;
Isobe, 1985; Wiegel, 1960; Xu et al., 2012) has been devoted to facil-
itate its application in engineering. In view of the fact that most ma-
rine structures are located in coastal areas this paper presents
extensive research on the response of a seabed under cnoidal waves
using the transient seepage equation.
2. Governing equation and analytical solution
2.1. Problem origin
The problem analyzed in this study is illustrated in Fig. 1. The sea-
bed ﬂoor is horizontal, and the surface layer is permeable with an im-
pervious underlying layer. It is usually reasonable to assume that the
inﬂuence of the seabed on the water wave motion is rather weak.
Therefore, the dynamic water pressure on the sea ﬂoor and the seep-
age in the seabed can be calculated independently.
The wave induced seepage in the seabed can be described using
the water mass conservation law, i.e. the transient seepage equationicense.
Fig. 1. Problem analyzed.
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in which p(x,z,t) represents the pore pressure, t the time, x and z, the
co-ordinates, n the soil porosity and kx and kz are the hydraulic con-
ductivities in x and z. β denotes the compressibility of the pore ﬂuids
including air trapped in the pore water, i.e.β ¼ 1−daKw þ
da
Pabs
, where Kw is
the bulk modulus of elasticity of the pore water (taken as
2.3 × 109 Pa), da the percentage of air content, and Pabs the absolute
pore pressure. The pore water in the seabed is not always completely
saturated and contains small quantities of air bubbles. Even a very
small amount of air in the pore water can decrease its effective bulk
modulus of elasticity signiﬁcantly (de Groot et al., 2006). It is very dif-
ﬁcult to know the exact content of air in a sandy seabed. However, an
assumption that the air content is greater than 1% is reasonable
(e.g. Bennett and Faris, 1979; Sandven et al., 2007; Tørum, 2007).
Liu et al. (2007) simpliﬁed Eq. (1) into a one-dimensional diffu-
sion equation with the assumption that the seabed is isotropic. If
the vertical scale is represented by the seabed thickness dbed and
the horizontal scale, the wave length L, an analogous equation can
be obtained:
a2
∂2p x; z; tð Þ
∂z2
¼ ∂p x; z; tð Þ∂t 0≤z≤dbed; 0≤tð Þ ð2Þ
anda2 ¼ kznγwβ. It should be stressed that Eq. (2) is based on the condition
that kxkz bb
L2
d2bed
, which would generally be applicable.
2.2. Boundary and initial conditions
When cnoidal water waves travel over a seabed, the oscillatory
water pressure on the surface of the seabed can be approximated as,
pw x; tð Þ ¼ p0 þ g x; tð Þ ð3Þ
where p0 ¼ γwH 1m2− Em2K−1
 
and g x; tð Þ ¼ γwHcn2 2K xL− tT
  
, in
which H is the wave height, L the wave length, T the wave period
andm the modulus. K and E are the ﬁrst and second kinds of complete
elliptic integral, respectively and can be expressed as:
K ¼ ∫
π=2
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1−m2 sin2φ
p dφ, E ¼ ∫
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q
dφ. Eq. (3) is derived
under the assumption that the vertical inertia force is negligible as
the ratio of water depth to the wave length is of a small magnitude.
Then the boundary condition on the seaﬂoor is:
p x;0; tð Þ ¼ pw x; tð Þ: ð4Þ
The condition on the lower boundary of the seabed is:
∂p
∂z x; dbed; tð Þ ¼ 0: ð5ÞIt is reasonable to assume that the initial excess pore pressure is
negligible, i.e. the initial condition is:
p x; z;0ð Þ ¼ 0: ð6Þ
2.3. Analytical solution
The analytical solution to Eqs. (2)–(6) can be obtained by the prin-
ciple of superposition. Thus,
p ¼ u1 þ u2 ð7Þ
in which u1 and u2 represent the response of P0 and g(x,t) respectively,
i.e.
u1 ¼ p0−
2p0
π
X∞
n¼0
1
nþ 0:5 exp −a
2λ2nt
 
sin λnxð Þ ð8Þ
in which λn ¼ π
2
d2bed
nþ 0:5ð Þ2, and
u2 x; z; tð Þ ¼ ∫t0
∂g x; τð Þ
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þ
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where ϕ ε;λð Þ ¼ erfc εﬃﬃﬃﬃﬃﬃﬃﬃ
4a2λ
p
	 

, and erfc(ς) is the complementary error
function.
erfc ςð Þ ¼ 1− 2ﬃﬃﬃ
π
p ∫ς0e−η
2
dη ð10Þ
Note that there is a differential operator in Eq. (9), which makes it
difﬁcult for its numerical integration. Nevertheless, it can be im-
proved using the method of integration by parts and enforcing the
initial condition, i.e.
∫t0
∂g x; τð Þ
∂τ ϕ θ; t−τð Þdτ ¼ ∫
t
0
∂ϕ θ; t−τð Þ
∂t g x; τð Þdτ: ð11Þ
Introducing Eqs. (10) to (11) gives:
∫t0
∂g x; τð Þ
∂τ ϕ θ; t−τð Þdτ ¼
θﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4a2π
p ∫t0
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t−τð Þ3=2
e
−θ2
4a2 t−τð Þdτ: ð12Þ
The integral in Eq. (12) can be evaluated using a recursive adap-
tive Gaussian quadrature rule with admissible error.
3. Features of the solution
3.1. Veriﬁcation of the calculation
Liu et al. (2007) gave an analytical solution to the pore pressure in
an isotropic hydraulic conductivity seabed. Results of the present so-
lution (Fig. 2) are compared with those of Liu et al. A linear water
wave is used in the comparison, with wave height H = 0.6 m, wave
period T = 4.5 s, water depth D = 1.6 m, and the corresponding
wave length L = 16.88 m. The parameters for the seabed are: seabed
thickness dbed = 2.45 m, soil porosity n = 0.45, soil hydraulic con-
ductivity kz = 1.0 × 10−4 m/s, and air content in the pore water
da = 1%. The present solution was achieved by the numerical integral
technique stated above. A 2-D solution, which was accomplished
using the COMSOL 4.3 software package, is also shown. In the 2-D
analysis, the horizontal hydraulic conductivity kx was equal to kz. It
is clear that the present solutions agree well with that of Liu et.al.
Fig. 2. Comparison of maximum amplitude of pore pressure in the vertical section.
Notation: pbm ¼ 12 γwHcosh 2πD=Lð Þ.
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As mentioned previously, the analytical solution to pore pressure
under cnoidal water waves consisted of two parts: u1 and u2. Features
of the solutions u1, u2 and u1 + u2 are given in this section. The input
data for the study are as follows: the wave height H = 2.0 m, and
wave period T = 10 s, traveling in awater depth ofD = 6.5 m. The cal-
culated modulus of the cnoidal wave is m = 0.979876 with a wave
length of L = 80.03 m. The normalized wave pressure on the seabed
with respect to time is shown in Fig. 3. It indicates that the normalized
wave crest approaches 0.7 and thewave trough is near−0.3. Properties
of the sand seabed are given as: the porosity of the soil n = 0.5, the ver-
tical hydraulic conductivity kz = 5.0 × 10−4 m/s and the air content
da = 1%.
Fig. 4 shows the results of analytical solutions with time: Fig. 4a
shows the graph of u1 at depths of 0.03 dbed, 0.1 dbed, 0.5 dbed and
1.0 dbed. Fig. 4b, c shows u2 and u1 + u2, respectively. It is clear that
u1 approaches p0 after a few wave periods. It should be noted that
the time spent to reach the equilibrium increases with increasing
soil depth. Fig. 4b indicates that u2 oscillates with time and decays
with increasing soil depth. It is also clear that phase lags develop
with increasing soil depth. To eliminate the transient effect of u1
and u2, the starting time of Fig. 4c is set at the instant of 10 T. It also
shows that u1 + u2 decays with increasing soil depth along with
phase lag.
4. Parametric studies
It is usually difﬁcult to obtain the exact values of the air content in
pore water and the soil hydraulic conductivity in engineering prac-
tice. Therefore, parametric studies are necessary to achieve useful in-
sight into the sensitivity of the pore pressure response with theseFig. 3. Dynamic water wave pressure on the seaﬂoor. (a) u1 vs. t, (b) u2 vs. t,
(c) u1 + u2 vs. t.
Fig. 4. Analytical solutions with time.parameters. In this section, parametric studies are carried out to in-
vestigate the inﬂuence of the air content in the pore water, as well
as the hydraulic conductivity of the soil. The air content, da varies
from 0 to 2% and the vertical hydraulic conductivity, kz varies from
2.0 × 10−5 to 5.0 × 10−4 m/s. Parameters relating to the seabed
and the wave are the same as given in Section 3.1. For the sake of sim-
plicity, this paper just gives the pore pressure proﬁle under a wave
crest.
4.1. Inﬂuence of the air content
Fig. 5 shows a comparison of the pore pressure in the vertical sec-
tion at the instant of t = 10 T. The hydraulic conductivity in the study
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gives the corresponding pore pressure gradient. It is clear that the
pore water pressure is very sensitive to the air content. When there
is no air in the pore water, the pore pressure decreases in a nearly lin-
ear manner in the vertical section. However, when the air content is
greater than 0.5%, the pore pressures vary sharply. The magnitude
of the pore pressure gradient increases substantially with the increase
in air content, especially in the superﬁcial layer of the seabed
(Fig. 5b).
4.2. Inﬂuence of the soil hydraulic conductivity
Fig. 6 shows the pore pressure response as the soil hydraulic con-
ductivity varies. The air content in the study is 1%. It can be seen that
the pore water pressure is also sensitive to the hydraulic conductivity
of the soil. When the soil hydraulic conductivity is greater than
5.0 × 10−4 m/s, the pore pressure gradient remains low. However,
as the soil hydraulic conductivity decreases, the pore pressure varies
sharply with the soil depth.
5. Discussion
5.1. Liquefaction potential of the seabed
Whenwater waves propagate over the porous seabed, they exert a
negative pressure under the wave trough on the water–seabed inter-
face. Bear (1972) argued that when the vertical net force on the gran-
ular particles reaches zero, the instantaneous and local liquefactionFig. 5. Vertical proﬁles of pore pressure with variable air content. (a) Pore pressure.
(b) Pore pressure gradient.
Fig. 6. Vertical proﬁles of pore pressure with variable soil hydraulic conductivity. (a)
Pore pressure. (b) Pore pressure gradient.will take place. This implies that a seabed liquefaction can occur
when the pore pressure vertical gradient exceeds the vertical effec-
tive stress. The criterion for the local liquefaction can be written as:
∂p
∂z≥γ′s ð13Þ
where γ ′ s is the speciﬁc buoyant weight of the soil skeleton. As an
example, the liquefaction potential of a seabed under cnoidal waves
is studied. Parameters relating to the seabed and the wave are the
same as those given in Section 3.1. The speciﬁc weight of the sand
particles is taken as 26.5 kN/m3, and the corresponding speciﬁc buoy-
ant weight is calculated as γ ′ s = 8.25 kN/m3. Fig. 7 indicates that
the pore pressure gradient in the superﬁcial seabed is greater than
γ ′ s. This means that a liquefaction will occur when a wave through
is encountered.
5.2. Comparison with Biot's equation
The determination of the pore pressure using the seepage equa-
tion has been obtained with the assumption that the soil skeleton is
incompressible. However, an analysis based on Biot's equation
which considers the soil skeleton deformation is more usually used.
Volumetric strain is the inherent factor for the difference between
the two equations. In view of this, the shear modulus and Poisson
constant can affect the volumetric strain directly. Parametric studies
were carried out to explain the difference.
Fig. 8 illustrates the pore pressure in the vertical section under the
wave crest with variable soil shear modulus (Fig. 8a) and Poisson
Fig. 7. Liquefaction potential of the seabed under a wave trough.
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modulus is 30 MPa in Fig. 8b. It is clear that the soil shear modulus
can affect the solution of Biot's equation signiﬁcantly. When the soil
shear modulus increases, the difference between the two equations
decreases (Fig. 8a). Poisson constant can also inﬂuence this differ-
ence. Fig. 8b shows that the difference between the two equations
gets smaller as Poisson constant approaches 0.5. Therefore, the tran-
sient seepage equation is a limit of Biot's equation when the soilFig. 8. Comparison between the seepage equation and Biot's equation.skeleton is assumed rigid. This paper is not intended to give an anal-
ysis on the applicability of the seepage equation and Biot's equation.
Actually, the authors prefer to use the two equations synthetically.
6. Conclusion
An analytical solution taking into consideration the pore pressure
under cnoidal waves based on the seepage equation is presented in this
paper. Parametric studies show that the air content in the pore water
and the soil hydraulic conductivity can signiﬁcantly affect the pore pres-
sure response. When the air content in the pore water varies from 0 to
2%, and the soil hydraulic conductivity varies from 2.0 × 10−5 m/s to
5.0 × 10−4 m/s, an increase in the air content or a decrease in the soil hy-
draulic conductivity will increase the magnitude of the gradient of pore
pressure. Comparative studies show that the soil shear modulus and
Poisson constant can inﬂuence the difference between the transient seep-
age equation andBiot's equation. The transient seepage equation is a limit
of Biot's equation.
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